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The maximal number of pairwise edge disjoint graphs G of four vertices or less, 
in the complete graph K,, and the minimal number of graphs G of four vertices or 
less, whose union is K,, are determined. 
1. INTRODUCTION 
Graphs in this paper are finite, having no multiple edges or loops. 
In a survey, Beineke [ 1 ] defined the general covering, respectively, 
packing problem as follows: 
The general covering (packing) problem in graph theory asks for the 
minimum (maximum) number of graphs with a property P, having as their 
union (being edge disjoint subgraphs of) a given graph G. 
Chartrand, et al. [8] solved the covering and the packing problem of the 
complete graph with cycles, not necessarily of equal length. Their result 
follows from the case when the cycles are of length 3. Then, both problems 
have been solved in a nongraph theoretical context, rather connected with 
Steiner triple systems by Fort and Hedlund [9] for the covering and by 
Schijnheim [ 131 for the packing. Schonheim and Bialostocki [ 141 have 
solved the problems of packing and covering of the complete graph with 4 
cycles. Mills [ 11, 121 has solved the problem, where G was K,, for the 
covering and Brouwer [ 51 solved the problem for the packing. The purpose 
of this paper is to give a complete solution to the problem of packing and 
covering of the complete graph with a graph G of four vertices or less. 
Observe that from the point of view of the problem, isolated points of G 
are irrelevant, consequently we shall consider only graphs G without isolated 
vertices. 
DEFINITION 1. The complete graph K, is said to have a G-decom- 
position if it is the union of edge disjoint subgraphs each isomorphic to G. 
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The G-decomposition problem is to determine the set of naturals N(G), 
such that K, has a G-decomposition if and only if IZ E N(G). Note that G- 
decomposition is actually an exact packing and covering. In the proof of our 
problems of packing and covering, we shall make great use of the results 
obtained for the G-decomposition problem in cases when G has four vertices 
or less. As usual [x] will denote the largest integer not exceeding x and {x} 
the least integer not less than x. Let e(G) denote the number of edges of the 
graph G. Then, H = U:= i Gi will show that the graph H is the union of t 
edge disjoint graphs Gi, i = 1, 2 ,..., t. The results of these problems which 
will be discussed in particular detail in the remainder of this paper, can be 
summerized in 
THEOREM A (Packing and covering). (i) The maximum number of edge 
disjoinr graphs G, which are subgraphs of the complete graph K,, is 
for n > 10, and G one of the graphs to be listed. 
(ii) The minimum number of graphs G, whose union is the complete 
graph K, is 
MKJlW) I 
for n > 10, and G one of the graphs to be listed. 
Remark. Actually, we can obtain the same results also for 4 < n < 10, 
excluding a few cases that will be mentioned while proving the theorem for 
the considered graph G. 
The relevant graphs G to our problems are: 
(i) The complete graph on 3 points, K,. 
(ii) The cycle of length four, C,. 
(iii) The complete graph on four vertices, K,. 
(iv) The graph consisting in a single edge G = e. 
(v) The path of length two P,. 
(vi) Two edges having no common vertex 2K,. 
(vii) The star having three branches, S,. 
(viii) The path of length three, P,. 
(ix) The triangle with attached edge, D. 
(x) The quadilateral with one diagonal, Q. 
For the cases (i)-(iii), Theorem A reduces to the mentioned results in 
[9, 11, 12, 141 for the covering and [5, 13, 141 for the packing. The Cases 
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(iv)-(viii) are easy and will be described in Section 2. The proof of Theorem 
A in the remining cases is the main purpose of this paper and will be accom- 
plished in Section 3. 
2. PROOF OF THEOREM A IN CASES iv-viii 
Case iv. The case G = e trivially gives N(e) to be the set of all naturals. 
Case v. Let G = P,. If n is even, then the result is a particular case of 
the following simple theorem stated and proved by Caro and Schonheim [7]: 
Let H be any connected graph having exactly e edges, then H has 
P,-decomposition iff e = 0 (mod 2). 
For n odd, and any edge, e, K, - (e) is a connected graph. Hence, applying 
this theorem to K, - {e); and Theorem A follows for K,. 
Case vi. Let G = 2K,. Since C, = 2K, U 2K,, we use the results 
obtained in [ 10) for the C,-decomposition of K,, and in [ 141 for the packing 
and covering of C, into K,. The only cases that we cannot deal with, 
according to the results of [ 141, are those of n = 8m + 3 and n = 8m + 5. 
For n = 8m + 3 observe that 
K Em+3 -K8mtluK2.8m+iuK2~ (1) 
Graph KS, + 1 has a C,-decomposition (see [lo]), hence, also a 2K, 
decomposition. Let K*,*,,,+ 1 = (4m - 1) K,,, UK,,, , where (4~ - 1) K,,, 
means the union of 4m - 1 copies of K,,, . Since K,,, = C, = 2K, U 2K, and 
K,,, has trivially a 2K,-decomposition, we also have a 2K,-decomposition of 
K 2,Sm + , . The single edge K,, in (l), is left nonpacked, a fact which proves 
Theorem A in this case. 
For n = 8m + 5 observe that, KBm+5 = KS,,,+, U Kd,*,,,+ 1 UK,. As before 
K 8mtI has a 2K,-decomposition, K, obviously has a 2K,-decomposition. 
But, K,,,, + 1 = K2,8m+, U K2,8m + , , and Kzq8,,, t, has a SK,-decomposition, 
hence the 2K,-decomposition of K4,8m+, follows; a fact which shows the 
2K,-decomposition of KS,+ 5. 
Case vii. Let G = S,. In [6] (or [ 151) we find that, 
N(S,)= {nln=O or 1 (mod3), n#3,4}. (2) 
Since this is the exact packing and covering, we have to prove the only case 
left, namely, n = 3m + 2 (m > 2). Observe that: 
K -K 3mt2- 3m+ 1 UKl.3mt 1. 
582a/34/2-8 
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BY (2) K3,+1 has a S,-decomposition. Then, K,,,,, , can be packed 
trivially by m stars S,, leaving a single nonpacked edge. Hence, Theorem A 
is proved in this case. 
We note that when n = 3, 4, Theorem A does not hold. For n = 5, define 
the vertex set of K, to be Z,, and addition of vertex labels are done mod 5. 
Denote the star S, with a vertex x of degree 3 and vertices y, I, w  of degree 
1, by (X;JJ, z, w). Then, (0; 1, 2, 3), (1; 2, 3, 4), and (4; 2,3,0) are three 
stars confirming the validity of Theorem A(i). Since (2, 3) is the only edge 
which remained nonpacked, Theorem A(ii) is ensured. 
Case viii. Let G = P,. In [2] (see also (41) we find that 
N(P,)= {rz(rz~O or 1 (mod3), nf3). (4) 
Since this is the exact packing and covering, we have to prove Theorem A 
in the only case left, namely, n = 3m + 2. Observe that 
K 3nr+z = K,m ~Km,VKz. (5) 
By (4) K,, has a P,,-decomposition. Since K2,3m = mK,,, and K,,, can 
trivially be decomposed into two P4’s, then K2,3m has a P,-decomposition. 
Graph K, in (5), is left nonpacked. Hence, Theorem A is proved also in this 
case. 
3. MAIN RESULTS. CASES ix AND x 
Theorem A becomes in these cases, respectively, 
THEOREM 1 (Packing and covering). (i) The maximum number of 
edge disjoint graphs D (a triangle with an attached edge), which are 
subgraphs of the complete graph K,, is 
[n(n- 1)/S] for n>4. 
(ii) The minimum number of graphs D, whose union is the complete 
graph K,, is: 
{W - WV for n>4. 
THEOREM 2 (Packing and covering). (i) The maximum number of 
edge disjoint graphs Q (a quadrilateral with one diagonal), which are 
subgraphs of the complete graph K,, is 
[n(n - I)/101 for n > 6. 
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(ii) The minimum number of graphs Q, whose union is the complete 
graph K,, is 
{n(n - WOI for n > 6. 
Observe that Theorem 2 holds also for n = 4, It is easy to check that for 
n = 5, the theorem does not hold. 
Notation. Let the vertex set of K, be 2,. Unless otherwise specified, all 
addition of vertex labels are done mod n. Let {a, b, c, d} be a subset of Z,. 
Denote the set of graphs (a tj, b +j, c +j, d tj), j E Z, by 
(a, b, c, d)(mod n). 
In order to prove Theorems 1 and 2 in each case, we shall first prove fact 
(i) and then show that the nonpacked edges can be covered by a single 
additional graph G, clearly not edge disjoint from the others. This proves 
(ii), since the difference between the expressions which occur in (ii) and (i) is 
exactly 1. 
Proof of Theorem 1. Denote the triangle (abc) with attached edge (c, d) 
by (a, b, c+f. The proof will take care of several cases according to the 
various possibilities of n. See Table I. For n = 8m t k, k = 2,3 ,..., 7, m > 1 
(m > 2 for k = 6,7) we first consider the D-decomposition on K,,, 1. 
(1,2m - 2i, 4m - i t l)-(6m - 3i + l), i = 0 ,..., m - l(mod 8m t 1) (6) 
(see [3]). The remaining vertices are labelled 8m t 1, 8m t 2,..., 8m t k - 1. 
Observe that, K,,m+k can be written as 
K -K 8m+k - 8m+luKk-1.8m+luKk-1, k > 2. 
From the decomposition of K,, + 1, we have m(8m + 1) graphs D. Now, each 
value of k will be treated separately. 
k=2 
We need m(8m + 3) graphs D for the packing, therefore, so we need 
another 2m graphs D. They will be obtained as follows: Decompose the first 
2m graphs for i = 0 in (6) 
(1 tj, 2m tj, 4m tj)-(6m t Lj), j = O,..., 2m - 1, 
into the triangles (1 + j, 2m t j, 4m + 1 + j) and the edges (4m + 1 t j, 
6m + 1 + j). They will be completed to 4m graphs D by using edges of 
K I .8m + I ; namely, 
(1 tj, 2m +j,4m t 1 tj)-(8m t l), j= O,..., 2m - 1, 
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and 
(4m + 1 +j, 6m + 1 +j, 8m + l>-j,, j= 0 ,..., 2m - 1; 
j, = 2m + l,..., 4m. 
By this procedure the other graphs in K,, + , remain unchanged. We are 
left with one nonpacked edge. Hence, the theorem is proved in this case. 
k=3 
The packing needs m(8m + 5) graphs D. We have to show the existence of 
4m more graphs D in Kg,,,+ 3. Let i = 0 in (6). The first 2m graphs D are 
established exactly as in the case k = 2. The next 2m graphs D are built as 
follows: Decompose the 2m following graphs D: 
(1 +j, 2m +j, 4m + 1 +j)-(6m + 1 +j), j = 2m,..., 4m - 1 
into the triangles (1 + j, 2m + j, 4m + 1 + j) and the edges (4m + 1 + j, 
6m + 1 + j). They will be completed to 4m graphs D by using edges of 
K 2,8m+ 1 ; namely, 
(4m + 1 + j, 2m + j, 1 + j)-(8m + 2), j = 2m,..., 4m - 1 
and 
(4m+ 1 +j, 6m+ 1 +j, 8m+2)+,, j = 2m,..., 4m - 1; 
j, = 4m + l,..., 6m. 
By this procedure the other graphs in Ksnr+ r remain unchanged. The 
triangle (0,8m + 1, 8m + 2) remains a nonpacked fact which completes the 
proof of the theorem in this case. 
k=4 
We need m(8m + 7) + 1 graphs D for the packing, and therefore, we need 
another 6m + 1 graphs D. The first 4m graphs are determined as in case 
k = 3. We decompose the 2m graphs D: 
(l+j,2m+j,4m+l+j)-(6m+l+j), j = 4m,..., 6m - 1 
into the triangles (1 + j, 2m + j, 4m + 1 + j) and the edges (4m + 1 + j, 
6m + 1 + j). They complete 4m graphs D as follows: 
(4m + 1 + j, 2m + j, 1 + j)-(8m + 3), j = 4m,..., 6m - 1 
238 Y. RODITTY 
(4m + 1 +j, 6m + 1 +j, 8m + 3) -j,, j = 4m,..., 6m - 1; 
j, = 6m + l,..., 8m. 
One more graph D will be 
Hence, Theorem l(i) is proved in this case. 
The edges (8m + 2, 2m) and (8m t 3,4m) remain nonpacked and 
Theorem l(ii) is also proved. 
k=5 
We need m(8m + 9) + 2 graphs D for the packing, and therefore, we need 
another 8m f 2 graphs D. The first 6m graphs D are exactly determined as 
in the previous case, namely, k = 4. 
Following the same procedure as in the previous case, we obtain the 
following 4m graphs D: 
and 
(4m t 1 t j, 2m t j, 1 + j)-(8m t 4), j = 6m ,..., 8m - 1, 
(4mtltj,6mtl+j,8mt4~j,, j = 6m,..., 8m - 1; 
j, = l,..., 2m - 1. 
We are left with the edges (8m + LO), (8m + 2,2m), (8m + 3,4m), and 
(8m + 4,0), together with K,, in order to determine two more graphs D. 
The two graphs D are determined as 
(8mt4,0,8mt1)---(8mt3) and (8m $2,8m t 4,8m t 3)-4m. 
This completes the proof of (i) in this case. The nonpacked edges which are 
left now, are (8m + 1, 8m + 2) and (8m + 2,2m); which one graph D can 
cover. Hence, (ii) is also proved here. 
k=6 
The packing here requires m(8m t 11) t 3 graphs D. We have to show 
that there are other 1Om + 3 graphs D. Therefore, 8m graphs D are obtained 
exactly as in the case k = 5. (Observe that we substitute i = 0 in (6).) For the 
last 2m graph D, we substitute i= 1 in (6), and obtain another 8m -t 1 
graphs D from the D-decomposition of Ksm+ 1. Then, following the same 
procedure as in the last case, we obtain 4m graphs D as follows: 
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(4m + j, 6m - 2 + j, 8m t 5)-j,, j= O,..., 2m - 3 and 4m - 4, 4m - 3, 
j, = O,..., 2m-8 and 2m-5, 2m-4,2m-3 and h-4, 
(ltj,4m +j, 2m- 2tj)-(8m + 5), j = O,..., 2m - 3, 
and 
(8m-4,6m-6,4m- 3)-(8m + 5), 
(8m - 3,6m - 5,4m - 2)-(8m t 5). 
(The last two graphs D are determined when j = 4m - 4, 4m - 3.) From the 
previous case k = 5, we are left with the nonpacked edges: (8m + 1, 0), 
(8m + 2, 2m), (8m + 3, 4m), and (8m t 4, 0). From the last step, we are left 
with the nonpacked edge (8m t 5, 4m - l), together with the nonpacked K,. 
Hence, we determine the following 3 graphs D: 
(8m+4,0,8m+ l)-8m+5, (8m+l,8m+2,8m+3)-4m, 
(8mt3,8mt5,8m+4)-8mt 1. 
This completes the proof of the packing problem in this case, We see that 
we are left with the nonpacked edges 
(8mt 2,2m), (8mt2,8mt5), and (8m + 5,4m - 1). 
Obviously, we only need one graph D to cover these edges. Hence, the 
theorem is also proved for this case. 
k=7 
The packing problem here requires m(8m + 13) t 5 graphs D. Hence, we 
have to add 12m t 5 more graphs D. Therefore, 10m graphs D are obtained 
exactly as in the case k = 6. As above we obtain 4m graphs D as follows: 
(4m+j,6m- 2 +j,8m + 6)-j,; j=4m,...,6m- 3 
and 8m-4,8m-3, 
j, = 4m - 3,..., 6m - 3 
and 8m-4,8m- 1, 
j,#6m-7,6m-6,4m- 1 
(1+j,4mtj,2m-2+j)-(8mt6);j=4m ,..., 6m-3, 
and 
(4m- 5,2m - 7,8m - 3)-(8m + 6),(4m - 4,2m - 6,8m - 2)--(8m + 6). 
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(The last two graphs D are determined when j = 8m - 4, 8m - 3.) For now, 
we are left with nonpacked K, and the edges 
(8m + LO), (8m t 2,2m), (8m + 3,4m), 
(8m + 4, O), (8m + 5,4m - 1). (8m t 6,4m- 1). 
We determine the following five graphs D: 
(8m t l,O, 8m + 4+(8m + 6), (8m t 6,4m - 1,8m + 5)-(8m + 4), 
(8m t 2,8m t 4,8m + 3)-4m, (8m t 1,8m + 5,8m + 2)---2m, 
(8m t 1,8m + 3,8m + 6)-(8m t 2). 
The only nonpacked edge (8m + 3, 8m t 5) insures us that the covering 
problem is also solved. 
This completes the proof of Theorem 1. m 
For proving Theorem 2 we shall use the results obtained in [3] listed as 
Lemmas 1 and 2. 
LEMMA 1. N(Q)= {nln=O or 1 (mod5), n#5}. 
LEMMA 2. The complete tripartite graph KSp,Sp,5a+,0(p--a, has a Q- 
decomposition for 0 < a < p. 
Denote a quadrilateral with sides ab, bc, cd, da by (abed) and the same 
quadrilateral with diagonal ac, respectively, bd will be denoted by (axd), 
(a&$. Commas will be used in order to avoid confusion. 
Proof of Theorem 2. The proof will take care of several cases according 
to the various possibilities of n. See Table II. 
We have shown that for n = 5m + j, m = 1,2, and j = 2, 3, 4; the theorem 
is true. Suppose it is also true for n = 5m, + j, \J m, < m, and j = 2, 3, 4. We 
shall now prove the theorem for it = 5m t j and j, as above. 
Computation shows that for j = 2, 4 we are left with one nonpacked edge, 
and for j = 3 we are left with three nonpacked edges in a path of length 3 
(facts which obviously prove the covering problem). Let, 
where 
K ,,,j=AuBVC, j = 2, 3, 4, 
A = KSp,5p,sa+ 1o(p-n), B = (K*p+j\Kj>” (K*p+j\Kj)y 
C=K~sa+lo(p-a)l+j~ j = 2,3,4, and 
m = 4p - a, O<a<p. (7) 
PACKING AND COVERING A GRAPH 241 
TABLE 11 
n Packing 
Remains for 
covering 
IO,11 
12 
13 
14 
Q-decomposition (Lemma 1). 
(0, l=), (3,4%)(0=, 3). (1x,3) 
(25.0). (1, 2=), (3x& l), (1%. 7)(0. 63) 
(lz, 7), (2x. 7), (3=, 7), (1,5x), (Ox, 8), 
(lz, 8), (4303) 
Q-decomposition (Lemma 1). 
(1,5x), (5, G), (6=, 11). (4, l=) 
(7,2m), (7z. 1 I), (8,5x). (7, 3z). (0,2x) 
(0,6m), (0.4%), (7,9=), (16?1,0) 
(G, 12), (1, 5=1), (23,6), (3x, 71, (43, 5), 
(4,8=), (5,7x), (5,63), (6% 10). (6, 1*), 
(7, OX), (82, l), (9m. 2), (IGrG, 3), (OZ, 4) 
(0,2% ), (0,4=), (0, 6%), (0. lsl), (1, 1=), 
(=, 5), (2m, 7), (3=, lo), (3. 7=), (33, 12), 
(4, =), (4=, IO), (4=, 13). (4,8-), (7=, 1 l), 
GZO), ci5-k O), (lS.-G% 12) 
(1.5) 
(2. 7), (7. 3). 
(3.6) 
(4.5) 
(1.11) 
(1293). (3, 111, 
(1130) 
(1, 10) 
Observe that using (7), we find that 
5a + lO(p -a) = 5(2p - a) < 5m. (8) 
We shall deal with the various cases ofj. 
j=2 
Using (8) and our hypothesis, we find that C has a Q-packing leaving one 
nonpacked edge. Let (ur , vl) be the nonpacked edge. Applying our 
hypothesis on KS,+‘, , we have the Q-packing of KSp+2, leaving only one 
nonpacked edge. We can choose this edge to be (vr , vz), such that K,,, 2\( e} 
actually has a Q-decomposition. Hence, we have completed B. Finally, we 
use Lemma 2 for A to obtain the complete packing of K,,- z, leaving the 
edge (u,, u2) nonpacked to prove Theorem 2(ii) in this case. 
582a/34!2 9 
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j=3 
Using (8) and an induction hypothesis, we find that C has a Q-packing, 
leaving 3 nonpacked edges such that the covering problem is also proved. 
Graph 4, + 3 has a Q-packing by an hypothesis, such that B U C also has 
the required Q-packing. Again, using Lemma 2 for A leads us to the result of 
the theorem for K,, + 3. 
j=4 
Using (8) and an induction hypothesis, we find that C has a Q-packing, 
leaving one nonpacked edge; and KS,+, also has a Q-packing, leaving one 
nonpacked edge. Since K, = Q U {e}, KSp+4w4 actually has a Q- 
decomposition. Finally, using Lemma 2 for A, we obtain the Q-packing of 
K sg+4, leaving one nonpacked edge fact which proves Theorem 2(ii). This 
completes the proof of the theorem. I 
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